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Introduction

SO much has been said about Prandtl's lifting line equa-
tion that it seems futile to elaborate on it further. How-
ever, the author feels that a few salient features of this
equation have not been remarked upon earlier. The equa-
tion is1

where

and
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Here F is the local circulation, a the local geometric angle
of attack measured from the zero lift line, C the local
chord, e the local downwash induced by the trailing vorti-
ces, U the freestream velocity, s the wing semispan, and y
the spanwise coordinate.

Equation (1) is usually solved using a sine series for F
in the form

r(0) = (4)
n=l

in a collocation method, and 6 = cos-1 (y/s).
Since F and a are related by a linear operator, it may

be shown that

a(6) =
n=l

and

sinnO

sinw0/sin0
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(6)
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where the aspect ratio AR = 4s2/S, and S is the wing
area.

We note that CD contains only the square of the un-
known constants An. In other words, the loadings (Fn, otn)
are orthogonal in the sense used by Graham.3 Orthogonal-
ity is usually associated with simplicity, and this is re-
flected in Eqs. (7) and (8).

n=l ^ n=l

The lift and drag coefficients are, respectively,
CL = vARA^/2

C n —

Let us assume that a loading (F, a) is expressible by a
finite number of terms m of Eqs. (4) and (5) to the de-
sired accuracy. Then from the orthogonality of the load-
ings it may be easily shown that

Tn(y)en(y)dy (9)

for n = 1, . . . , m.
Hence if the circulation distribution is given, the un-

known constants may be obtained from

r ( y ) t n ( y ) d y / ( 7 r s 2 U n ) (10)

to yield a(y) from Eqs. (5) and (6). If the downwash dis-
tribution e(y) is given, the constants may be obtained
from

An= 2/ t(y)Tn(y)dy/(i7s2Un) (U)

to yield T(y) from Eq. (4). However, more frequently the
wing geometry is given in which case a(y) is specified.
Using Eq. (5) to substitute for e(y) in Eq. (11) results in
m linear simultaneous equations

An ~

(12)
= J oi(y}Tn(y}dy

which may be solved for the An. Results of Eqs. (10) and
(11) are important since they allow the An to be evaluated
explicitly. Equation (12) clearly shows that for elliptic
planforms, i.e. C(0) ~ sin0, the An can be obtained explicit-
ly for any angle of attack distribution. In this form it is a
generalization of Filotas' results.2 It is further interesting
to note that Eq. (12) is the same as would be obtained by
an application of the Galerkin method4 to Eq. (1). The
present derivation shows that the Galerkin approach is a
very natural one and is the reason for its success in Ref. 4.

The advantage of using Eqs. (10-12) is that the solution
does not depend only on the characteristics of the wing at
a small number of isolated points as in a collocation pro-
cedure, but gives an approximate solution along the entire
span. Hence discontinuities, flap deflections, etc., may be
accounted for.

An Example—Rectangular Wing

Application of Eq. (12) to a wing of constant chord C,
and constant incidence a, gives

I A 16s
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(13)

for n — 1, . . . ,ra;
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where 2' denotes summation over only those terms for
which (n + r) is even. A one term approximation for F
yields

Ai = 7TQ!/(77/2 + 16S/37TC) (14)

A two term approximation shows

A 16s>
A =

(15)

15C/
H , 16s\ /£ _ !44s\ _ /<16s \ 2 1
2 + 37rC/ \2 SSyrC/ \15irCj J

The computation effort required in solving Eq. (13) is less
compared to a collocation method where trigonometric
functions must be evaluated.

Conclusions

The method outlined in this note is valid for any set of
loadings (Fn, an) which are orthogonal in Graham's sense.
It may be used for non-orthogonal loadings if they are first
converted to an orthogonal set as suggested by Graham.3
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Generalization of Dunkerley's
Formula for Finding the Lowest

Critical Velocity of Rotating Shafts

Bruno Atzori*
Politecnico di Torino, Torino, Italy

THE well-known Dunkerley's method is widely used for
finding an approximate value of the first critical velocity
of forward precession of rotating shafts.1'3 It is based on
the mathematical property of algebraic equations such
that if

(1)+ an= 0

is an algebraic equation, then

(2)

In the case of critical velocities of a rotating shaft with
n masses, when the damping effects and the weight of the
shaft are neglected, the characteristic Eq. (1) is given by
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= 0 (3)

where mi are the concentrated masses, a^ the flexibility
factors and the critical velocities coj are given by w =
(I/A)1/2. Equation (2) now is written

(4)

where tit2 is the square of the critical velocity of the shaft
with the mass mt alone.

Because coi <c 002 <C - - - co/i, it's possible to write1'2

1 1 -
"

(5)

This is Dunkerley's formula in the usual form. It gives a
very good approximation of the first critical velocity when
the lateral inertia of the masses is not important.2'3

When the lateral inertia of m of the masses is consider-
able, the characteristic Eq. (1) is given by

D, -622D2

= 0 (6)

----- -bmm'Dm-X

where a^, 6^, a'j&, 6'^ are flexibility factors and Dk are
the differences between the moment of inertia of each
mass with respect to the axis tangent to the elastic line
and the moment of inertia with respect to the axis per-
pendicular to the elastic line.2 If all the Dk are positive
(that is, if there are m discs and n - m concentrated
masses), Eq. (6) has n real positive roots and m real nega-
tive roots.2'5

In this case Eq. (2) is written, taking into account the
lateral inertia

n+m i n m n+m i

where tit2 is now the square of the critical velocity of the
shaft with the mass ntt alone (positive) or with the lateral
inertia A alone (negative).

If | o>2
21 it's possible to write

1 i

(8)

This formula gives a very good approximation of the first
critical velocity of a rotating shaft except when |o>i2| o*
|co2

2|, that is, when the first real and the first imaginary
critical speeds are similar in modulus, a situation which
also causes the classical iterative methods to fail.4

Example

As an example, a real shaft with two supports was ana-
lyzed. For the computation, the real shaft was subdivided
into ten sections, and for two of them (representing com-
pressor and turbine), the lateral inertia was taken into ac-
count. The supports were at the left end of the shaft and
between the 6th and 7th section.

The compressor was substituted by the 3rd section and
the turbine by the 10th section. The span between the two
supports was 24.5 cm and the overspan between the sec-


